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The problem of tunneling control in systems “quantum dot – 
quantum well” (as well as “quantum dot – quantum dot” or 
quantum molecule) and “quantum dot – bulk contact” is studied as 
a quantum tunneling with dissipation process in the semiclassical 
(instanton) approximation. For these systems temperature and 
correlation between a quantum dot radius and a quantum well 
width (or another quantum dot radius) are considered to be control 
parameters. The condition for a single electron blockade is found 
in the limit of quantum dot.  The criteria for an extreme tunneling 
current in quantum molecules are also presented. The tunnel 
probability for systems under investigation is analytically obtained 
as well.   
 2
1. Introduction 
 
 
The problem of an electron tunnel transfer in nanostructures has been of 
great interest in the recent years [1-6]. For example, the authors of Ref. 
[13] observed individual tunnel events of a single electron between a 
quantum dot and a reservoir, using a nearby quantum point contact as a 
charge meter. Also, the report on realization of few-electron double 
quantum dots defined in a two-dimensional electron gas by means of 
surface gates on top of a GaAs/AlGaAs heterostructure can be found in 
Ref. [14]. The experiments demonstrate that this quantum dot circuit can 
serve as a good starting point for a scalable spin, the qubit system. 
Microwave spectroscopy of a quantum-dot molecule has been also 
represented in Ref. [15]. 
The fundamental and applied significance of this problem is based, 
first of all, on an extremely high sensitivity of the tunneling probability to 
an electron energy spectrum, a confinement potential profile, and external 
field parameters. The latter provides an additional degree of freedom for a 
possible control of different conjugated nanostructures. In this work we 
primarily interested in “quantum dot - quantum well” (or a quantum 
molecule) and “quantum dot - bulk contact” structures.  
In particular, we calculate the tunneling probability of an electron 
with an exponential accuracy in the framework of the theory developed in 
Refs. [5, 7, 8], where tunneling structures with quantum dots are 
considered as chemical reaction systems. Such a similarity opens up a 
possibility to employ a powerful apparatus of quantum tunneling with 
dissipation [5, 9, 10, 11] earlier developed in the theory of tunneling 
chemical reactions where the interaction of electron with an environment 
is essential.  
 It is well known from Quantum Mechanics that quantum tunneling 
occurs when the characteristic width of a quantum well is much greater 
than a de Broglie wavelength of a tunneling particle. In the instanton or 
semiclassical approximation this criterion yields [5, 7, 8]: 
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where R  is a quantum dot radius, 0U  is a barrier height, and m
∗ is an 
effective electron mass. Inequality (2) provides the criterion for the 
instanton – antiinstanton pairs rare gas approximation [5, 7, 8], where a 
subsequent tunneling event is considered to be independent on a previous 
one. For InSb, the validity conditions (1) and (2) can be satisfied 
simultaneously if 50T K≈ .  
In this work we study the following two different systems: 
1) “quantum dot – quantum well” (or quantum molecule) to be 
modeled by a double-oscillator (“nondecayble”) system interacting with a 
bath, and 
2) “quantum dot – bulk contact” to be modeled by an oscillator 
well cut off by a vertical wall (decayable potential model). 
First model can describe tunnel transfer in quantum molecules (i.e., 
interacting quantum dots) or separate quantum dots, connected by the 
tunnel with quantum well. Second model (the decayble one) can represent 
tunneling transfer in a system with separate quantum dots on surface of 
bulk matrix (or contact). 
To study the electron tunneling we employ the dissipative quantum 
tunneling in adiabatic chemical reactions in the semiclassical 
approximation [12]. It is known that adiabatic tunneling reactions are 
defined a Landau-Zener parameter is large, i.e. 
1
12
2
>>
−
∆
FFuh , 
where ∆  is the electron transition matrix, u  is the particle velocity, and 
2,1F  are the  forces at the terms intersection point. For the reactive system, 
potential energy surfaces in the initial and final states are modeled by a set 
of independent shifted oscillators with the same frequency [5, 7, 8]: 
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As shown in Ref. [9], Hamiltonian with such a potential energy can be 
presented as one-dimensional tunneling along some tunnel coordinate 1y  
linearly coupled with harmonic bath degrees of freedom, 
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where Cα  is a coupling constant for α-th mode. For such a system, the 
tunneling probability per unit time is determined as follows [9, 10]: 
Z
ZT
Re
Im2=Γ      (5) 
where    
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(6) 
is a partition function of the system that can be represented as a path 
integral with the following boundary conditions: 
)2/()2/( ββ αα yy =− , 
where  1−≡ Tβ  or 
kT
h
≡β  (we have used the units where 1=h  and  
1k = , and all the oscillator masses are equal to 1). Here S  denotes a 
multidimensional Euclidean action for the whole system. The imaginary 
part Im Z  determines the decay of energy states in the initial well. 
Obviously, dissipation should be strong enough to avoid coherent 
oscillation for the electron between two wells. In the instanton 
approximation, the Euclidean action yields [7, 9, 10] 
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where  2n nTν π≡   is the Matsubara’s frequency.  
In Secs. 2 and 3, we consider two different systems, a “quantum dot - 
quantum well” system (or quantum molecule) and a “quantum dot – bulk 
contact” system. In Sec. 4, we summarize the results.  
 
 
2. “Quantum dot –quantum well” or quantum molecule 
system 
 
As mentioned in Introduction, a tunneling potential along the 
tunneling coordinate can be presented in the following way [9]  (see Fig. 
1):  
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To calculate the instanton action, it is necessary to find an instanton, i.e. a 
trajectory that minimizes the Euclidean action ( )S q . This trajectory can 
be found from the following equation of motion that includes the 
dissipation to the bath: 
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Fig. 1. Potential energy along the reaction coordinate. 
 
A solution of the equation (11) is sought as a periodic function 
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Inserting Eq. (12) into Eq.(11), one finds that 
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The instanton action can be easily found by inserting the instanton 
(13) into the expression for the action (7), 
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In case of interaction with a single mode Lω , the instanton action (14) can 
be found analytically [9], 
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Here C  is the coefficient of interaction with Lω . The same expression in 
the atomic units (Bohr units) yields 
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Here dE  is the effective Bohr energy, m
∗  is the effective mass, e  is the 
electron charge, ε  is the dielectric permeability, 0U  is the barrier height, 
or potential amplitude (see, e.g., Fig. 6), 
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 is the effective Bohr radius, 0q  is the quantum dot radius, and 
1q  is the radius of other quantum dot or semi-width of quantum well. 
The results of the numerical calculation for Γ  in InSb quantum 
dots are shown in Fig. 2.   
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 Fig. 2. Tε
∗  dependence of Γ  on  in the InSb based quantum dot –
quantum well system. 
 
As shown in Figs. 3 and 4, the tunneling probability is very 
sensitive to both the frequency of local vibration and the coupling 
constant Ci. Indeed, the effective electron vibrational mode coupling 
increases with the vibration frequency resulting in an increase of the 
tunneling electron energy and, therefore, enhances the tunneling 
probability (the transition from curve 1 to curve 2 in Figs. 3 and 4). Fig. 3 
reveals some interesting features for quantum molecule systems.  If the 
radius of quantum dot and the width of quantum well are the same, the 
blockade in the electron tunneling occurs (see the minimum in Fig. 3). A 
similar dependence was found in the dynamic control of electronic states 
in double quantum dots with weak dissipation [6]. Furthermore, there are 
two temperature controlled maxima in the tunneling probability: (a) a 
quantum dot radius is greater that the semi-width of quantum well (or 
other quantum dot radius), the first maximum, and (b) a quantum dot 
radius is lesser than the semi-width of quantum well, the second 
maximum. The temperature dependence of the right maximum (b) and the 
left maximum (a) is shown in Fig. 5. When the quantum dot radius is 
greater than the semi-width of quantum well (or radius of the other 
quantum dot in quantum molecule), a threshold type behavior takes place 
as shown in Fig. 4. 
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Fig. 3. Dependence of Γ  on the asymmetry ratio parameter b/a for 
quantum molecule (based on InSb): 1.  0 200U
∗
= , 3Tε
∗
= , 1Lε
∗
= , 
0 10γ ∗ = ;  2.  0 200U ∗ = , 3Tε ∗ = , 10Lε ∗ = , 0 10γ ∗ = ;  3. 0 200U ∗ = , 3Tε ∗ = , 
1Lε
∗
= , 0 50γ ∗ = . 
 
 
 
Fig. 4. Dependence of Γ  on Tε
∗  for the quantum molecule (based 
on InSb), under the condition b/a<1: 1. 0 200U
∗
= , / 0,98b a = , 
1Lε
∗
= , 0 10γ ∗ = ;  2. 0 200U ∗ = , / 0,98b a =  , 10Lε ∗ = , 0 10γ ∗ = ;  3. 
0 200U
∗
= , / 0,98b a =  , 1Lε ∗ = , 0 50γ ∗ = . 
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а) 
 
b) 
 Fig. 5.  Dependence for extreme ratio values of /b a  on Tε
∗  for 
 (a) / 1b a >  and (b) / 1b a < . 
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The second tunneling system, quantum dot - bulk contact, is considered in 
the following Section. 
 
 
3. Quantum dot – bulk contact systems 
 
 In a quantum dot - bulk contact tunneling system, a characteristic 
length of the bulk contact much larger than a quantum dot radius, thus, the 
limit of 0 0τ →  should be taken. Then the Euclidean action becomes 
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Then Γ (with an exponential accuracy) is given by  
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For further convenience, the tunnel probability Γ  can be rewritten 
in the atomic units as follows: 
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A semiclassical approximation is valid only for quite “wide” 
potentials when  
1lχ ⋅ >> , 0 0 / dU aχ ε∗ ∗= − ,  0 0l q l= − . 
From these equations one can estimate the value of  0 0 / dq R a
∗
≡ , that 
satisfies the following inequality:  
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Consequently, we obtain, that 0 02 /q U
∗ ∗>> ; hence, for the quantum dot, 
based on InSb, ( 65da nm  , 310dE eV−  , 0 0.2U eV= ) we have 0 1.4q∗    
(or in conventional units 0 0 91q R nm≡ ≈ ) as shown in Fig. 6. 
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Fig. 6. Potential energy for the electron for a  “quantum dot – bulk 
contact” system. Here 0ε  - the QD ground state energy; l  - the 
barrier width; 0 0q R≡  is a quantum dot radius; 0 0 0 0/l q Uε= , 
and 0U  is a quantum dot confinement amplitude or the barrier 
height). 
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Fig. 7.  Dependence of Γ  on Tε
∗  for the quantum dot, based on 
InSb: 
1. 0 1.4q
∗
= , 1Lε
∗
= , 0 10γ ∗ = ,  2 . 0 1.4q∗ = , 10Lε ∗ = , 0 10γ ∗ =  and  
3. 0 1.4q
∗
= , 1Lε
∗
= , 0 50γ ∗ = . 
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 Fig. 8. Dependence of Γ  on 0q
∗  for the quantum dot, based on 
InSb:1. 0 200U
∗
= , 16Tε
∗
= , 1Lε
∗
= , 0 10γ ∗ = ,  2. 0 200U ∗ = , 
16Tε
∗
= , 10Lε
∗
= , 0 10γ ∗ =  and 3. 0 200U ∗ = , 16Tε ∗ = , 1Lε ∗ = , 
0 50γ ∗ = . 
 
 The temperature control for tunneling in “quantum dot - bulk 
contact” structures has been studied. The tunneling probability 
dependence on temperature is shown in Fig. 7. As in a double-well 
potential model (for a quantum molecule), the tunneling probability is 
sensitive to the local phonon mode frequency and to the coupling constant 
to the environment (see Figs. 7 and 8). In the same manner, the monotonic 
decrease of the tunneling probability Γ  with a quantum dot radius is 
shown in Fig. 8.  
 
4. Summary 
 
 The possibility of applicability of the dissipative tunnel theory to 
the temperature control for tunneling in structures with quantum dots has 
 17
been demonstrated. The effect of a single electron blockade in the limit of 
quantum dot has been also revealed in the quantum molecule structures. 
We hope that the effects described in this paper can be identified in 
experiments with the use of quantum dots on tip of tunnel microscope. 
 
Acknowledgement. This work was partially supported by NSF grant (No 
ITR-0422690). 
 
References 
 
[1] Landau L.D., Lifshits E.M. Quantum mechanics (non-relativistic 
theory). Vol.3. (Moscow, Nauka, 1989). 
[2] Caldeira A.O., Leggett A.J. “Influence of dissipation on quantum 
tunneling in macroscopic systems”. Phys. Rev. Lett. 46, 211 (1981). 
[3] Larkin A.I., Ovchinnikov Yu.N. “Quantum tunneling with 
dissipation”. Pis’ma v ZhETF (JETP Letters, Russian) 37, 322 (1983). 
[4] Gorokhov D.A., da Silveira Rava A. “Ultrasharp crossover from 
quantum to classical decay in a quantum dot flanked by a double-barrier 
tunneling structure”. Preprint http://arXiv.org/abs/cond-mat/0308023. 
[5] Foa Torres L.E.F., Lewenkopf C.H., Pastawski H.M. “Coherent versus 
sequential electron tunneling in quantum dots”. Preprint 
http://arXiv.org/abs/cond-mat/0306148 . 
[6] Thielmann A, Hettler M.H., Konig J, Schon G. “Shot noise in 
tunneling transport through molecules and quantum dots”. Phys. Rev. B 
68, 115105 (2003); Preprint http://arXiv.org/abs/cond-mat/0302621. 
[7] Khanin Yu.N., Vdovin E.E., Dubrovsky Yu.V. “The resonance Г-Х – 
tunneling in one-barrier hetero-structures GaAs/AlAs/GaAs”. FTP (Fizika 
i Tekhnika Poluprovodnikov, Russian) 38, 436 (2004). 
[8] Ternov I.M., Zhukovsky V.Ch., Borisov A.V. Quantum mechanics 
and macroscopic effects (Moscow, Moscow State University Publ., 1993), 
198 p. (in Russian). 
[9] Dakhnovsky Yu.I., Ovchinnikov A.A., Semenov M.B. “Low-
temperature chemical reactions as tunnel systems with dissipation”. 
ZhETF (JETP, Russian) 92, 955 (1987). 
 18
[10] Aringazin A.K., Dahnovsky Yu.I., Krevchik V.D., Semenov M.B., 
Ovchinnikov A.A., Yamamoto K. “Two-dimensional tunnel correlations 
with dissipation”. Phys. Rev. B 68, 155426 (2003). 
[11] Ovchinnikov A.A., Dakhnovsky Yu.I., Krevchik V.D., Semenov 
M.B., Aringazin A.K. Control modulation principles for low-dimensional 
structures (Moscow, Moscow State University Publ., 2003), 510 p. (in 
Russian). 
[12] Burdov V.A., Solenov D.S. “Dynamical control for the double 
quantum dot electron states in case of the weak dissipation”. ZhETF 
(JETP, Russian) 125, 684 (2004). 
[13] Vandersypen L. M. K., Elzerman J. M., Schouten R. N., Willems van 
Beveren L. H., Hanson R., and Kouwenhoven L.P. “Real-time detection 
of single-electron tunneling using a quantum point contact”. Applied 
Phys. Lett. 85, 4394 (2004). 
[14] Elzerman J.M., Hanson R., Greidanus J.S., Willems van Beveren 
L.H., De Franceschi S., Vandersypen L.M.K., Tarucha S., Kouwenhoven 
L.P. “Tunable few-electron double quantum dots with integrated charge 
read-out”. Physica E 25, 135 (2004). 
[15] Oosterkamp H., Fujisawa T., van der Wiel W.G., Ishibashi K., 
Hijman R.V., Tarucha S., Kouwenhoven L.P. “Microwave spectroscopy 
of a quantum-dot molecule”. Nature 395, 873 (1998).  
 
